We investigate the question about the transversality of the gluon polarization tensor in a homogeneous chromomagnetic background field. We re-derive the non transversality known from a pure one loop calculation using the Slavnov-Taylor identities. In addition we generalize the procedure to arbitrary gauge fixing parameter ξ and calculate the ξ-dependent part of the polarization tensor.
Introduction
Recently the question about the structure of the quark-gluon plasma at high temperature attracted new attention. In both, perturbative [1, 2, 3, 4, 5] and lattice [6] calculations it was found that a state with a spontaneously generated magnetic background field is privileged. This is interesting especially in view of the common opinion about a gas of free gluons (and quarks) in the deconfinement phase. In general, in non-abelian gauge theory it was observed long ago that a magnetized vacuum has lower energy as the perturbative one and that this state is, however, not stable due to the tachyonic mode. The recent achievement is to make resummations in the perturbative approach at high temperature where it was found that the gluons acquire a magnetic mass which removes the instability (at least in the approximations considered). This is a motivation for the investigation of the gluon polarization tensor in a magnetic background field.
The polarization tensor in a magnetic field with and without temperature is the basic object needed in all kinds of resummations in the perturbative approach. Its investigation has a long history, especially in QED. In this paper we focus on the question about its transversality, i.e., whether the relation p µ Π µν (p) = 0 holds. In abelian theories in a background field with and without temperature its transversality is out of question. In QCD its transversality was established at finite temperature but without magnetic background. It is a common opinion that it is transversal in a magnetic background too. However, this turns out not to be the case. In [7] its non-transversality in a magnetic background field was shown in a pure one-loop calculation at zero temperature. Only the weaker condition p µ Π µν (p)p ν = 0 holds.
The non-transversality has obviously consequences for the gluon spectrum in a magnetic field and for the high temperature plasma. This motivates a detailed investigations of the non-transversal part. In [7] it was found on the pure one loop level from the calculation of the corresponding graphs. In the present paper we derive it from the Slavnov-Taylor identities. At once we investigate the dependence of the polarization tensor on the gauge fixing parameter.
In this paper w use the same notations as in [7] , for instance we put the constantsh, c and g equal to unity and we write all formulas in Euclidean notation.
Slavnov-Taylor identity
In this section we adopt the Slavnov-Taylor identity to show the non-transversality of the gluon polarization tensor. We consider SU(2) gluodynamics in a homogeneous chromomagnetic background field. The initial gauge potential, A a µ , where a = 1, 2, 3 is the color index, is splitted into the background, B 
We work in Euclidean space and the Lagrange density takes the conventional form
where η a is the ghost field. Here all derivatives are covariant ones with respect to the background field,
and they are related to its field strength B s µν in the usual way,
µν . The substitution of the derivatives holds for instance for the gauge fixing term (ξ is the corresponding gauge fixing parameter) and for the kernel of the ghost term,
We remark that in this way the magnetic background field is introduced just in the same way as in the well known background field method [8] . For instance, from that method it is known that the background can be added by formally substituting all occupancies of the ordinary derivative by the covariant one (2) . In this way the basic notations are defined. For all further definitions and notations we refer to the paper [7] . We are going to derive the non-transversality of the polarization tensor from the Slavnov-Taylor identities. Frequently, these are used in the framework of the BRST formalism which is the most efficient way to show the renormalizability of a non-abelian gauge theory. However, in our case we do not need the full formalism and can restrict ourselves to an easier formulation as, for example given in the book [9] . We start with formula (7.14) in chapter 4 there. After conversion to Euclidean space and written in our notations it reads
where we denoted the dependencies on the coordinates x and y explicitly. We remark that (4) in [9] was derived without background field. However, it is obvious that this formula holds also with background field if the derivatives are substituted by the covariant ones. In (4) the average denotes the corresponding functional integration over Q a µ . The specific identity we are interested in for the polarization tensor can be obtained by taking the functional derivative with respect to the source J a µ (x) and putting J = 0 afterwards. In this way we obtain
Next we need to consider the functional average. For the two point functions it holds
Here and in the following integration over z and z ′ is assumed. In (6) G ab µν (x, y) is the free Greens function of the gluon obeying
and Π st λλ ′ (z, z ′ ) is the polarization tensor, i.e., the sum of all 1PI diagrams with two external legs. The second term in (6) can be expanded into powers of Q a µ according to
where G ab (x, y) is the free Greens function of the ghosts obeying
Into (8) arbitrary powers of Q enter. Now we take into account that we are interested in an identity for the one-loop polarization tensor, i.e., in the second order in the coupling g in Eq. (5). We remark that the counting of the powers of g includes only that which go with the field Q, not that which we included into the background field B. For this reason we need to collect the terms which are second order in Q from Eq.(5). In the second term in (5) this results in
with
Now we take the functional average. In the first term in Eq.(5) this delivers to order g 2 the second term from the r.h.s. of (6) where Π st λλ ′ (z, z ′ ) must be taken in one-loop order and in the second term in (5), rewritten in the form (10), the given order comes from the first term in the average (6),
Taking this together we get
where the derivative D bb ′ ν (y) acting in (5) on Q b ′ ν (y) had been integrated by parts so that it acts now to the right (one may assume test functions supplemented). Next we use the obvious properties of the gluon Greens function
which is the covariant generalization of the simple momentum space relation
Of course, in (15) the order of factors matters. Using (15) the explicit dependence on the gauge fixing parameter ξ disappears in the l.h.s. of Eq.(14). Next we use (7) and multiply Eq.(14) from the left with the operator in (7). On the l.h.s. all factors in front of Π disappear, in the r.h.s. we get
where the commutator relation for the covariant derivative was used. Finally we remove the Greens function G(y, z) on the right of both sides by making use of G(y, z)∂ 2 z = δ(y − z). In this way we arrive at 
follows.
The question whether the polarization tensor is transversal or not can now be answered by the investigation of Σ. To do this for a homogeneous chromomagnetic background field it is meaningful to transform to the so called 'charged basis', where all quantities f a carrying a color index are transformed according to
A summation over doubly appearing color indices reads than
The interpretation is that f is color neutral and the f ± carry positive resp. negative color charge. With respect to the algebraic structure this is in complete analogy with the electric charge. As a result, a color neutral field does not interact with the background whereas the color charged fields do (rotating on their Landau levels in opposite directions). The epsilon tensor remains antisymmetric and is normalized according to ǫ 3−+ = i. Applying this transformation we obtain an identity for the polarization tensor of the neutral gluons,
and one for the polarization tensor of the charged gluons,
We note that the 'neutral' covariant derivative is just an ordinary one, D 33 µ (x) = ∂ ∂x µ , whereas the 'charged' derivative reads
For the neutral component of Σ we get
where ℜ denotes the real part. Initially there are 2 contributions in Σ 33 . They are complex conjugated one to the other. For the charged component we get
We note the symmetry property G
In (22) and (23) G, G λλ ′ and G −+ λλ ′ are the Greens functions of a neutral scalar, of a charged scalar and of a charged vector accordingly.
Finally we rewrite these relations in momentum space representation. We use the notations Π λλ ′ (x, y) = dp
and Σ λ (x, y) = −i dp
As a convention we preserve the notation p for the momentum of a 'charged function' and k for a neutral one. In this way we write
and similar for Π and Σ. Of course, the momentum representation for a charged particle in a magnetic field needs a comment. We assume the application of Schwinger's operator method [10] , where p µ is the Fourier transform of the covariant derivative (2) and it is an operator,
).
In the following we drop the hat and use the fact that all formal relations in the transformation into momentum representation stay in place provided the non commutativity of the components of p µ , [p µ , p ν ] = iB µν is taken into account. Note that in these notations the momentum k µ is commuting. Using these rules we obtain for the polarization tensor of the neutral gluons
and
For the charged component we get
3 Dependence of the polarization tensor on the gauge parameter ξ
The general structure of the r.h.s of the Slavnov-Taylor identity was established by formula (17). Strictly speaking, it simply states that the 'weak' transversality (18) holds. But by knowing the explicit form of Σ ef ν (x, z), (13), we are able to calculate the nontransversality explicitly and to judge whether it is zero as for instance without magnetic field or not as in our case. This is the reason for the effort to transform (17) into the charged basis and further into momentum representation which resulted in the formulas Σ λ (k), (28), and Σ λ (p), (31). These are simple one loop graphs which can be calculated with the same methods as in [7] or as in the next section.
By the formulas (28) and (31) we also confirmed the corresponding expressions (118) and (170) in [7] . There the same quantities, Σ λ (k) and Σ λ (p), have been calculated for ξ = 1 starting from the corresponding one-loop graphs. In fact, using obvious symmetry properties it is easy to see that (28) is the same as (118) in [7] and (31) is coincides with (170) in [7] .
Neutral part of the polarization tensor
The neutral polarization tensor has the following representation in momentum space (cf. Eq.(48) in [7] )
where the integration over momentum p is assumed. The second line is the contribution from the ghost loop and the vertex factor reads
The gauge parameter ξ appears in the gluon propagator
which can be represented in the form
Here we used the specific form of the matrix F µµ ′ = ǫ µµ ′ 03 of the field strength of the homogeneous magnetic background field and we introduced the projectors δ µµ ′ and δ ⊥ µµ ′ onto the subspaces parallel and perpendicular to the magnetic field. The exponential in the representation of the propagator as parametric integral is
For ξ = 1 we did the calculations in [7] . Here we calculate the ξ-dependent contributions which appear proportional to (1 − ξ) and to (1 − ξ)
2 . In the following we will make use of the simple commutation properties
and of the obvious relations In order to make the following calculations easier to follow we use the more symbolic notation for the propagators as inverse powers. Again, the momentum integration is not shown. In this way inserting (34) into (32) we write the polarization tensor in the form
Further we note that the whole expression is under a trace with respect to the operators p µ and that cyclic permutations are possible. Making use of the mentioned properties some simplifications can be made, and the expression for the polarization tensor can be represented as
with the new notations
